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1 Introduction

1.1 Basic Statistical Concepts

1.1.1  %¢51E2 (Statistics)

Fat L RALE R ATHVERE £ - BIFEHE ~ U8R ~ B BRATRI AT SRR EOR > (i

FEAMEEAVEI MR RIS -

1.1.2  E£4E (population)

TRIZWTFTHAY > HEFTEiE N ATA (EAS (object) Z &L - IELEERIHBUIATA ERHE (data

set) il Ry BEAe -

1.1.3 £ (sample)

BRAGHY—HL D -

1.1.4 EE{EFE (experimental unit)

AbTFEEER L (E8e (N ~ 5~ V)5 R E R -

1.1.5 £:8) (parameter)
RS BRI a2 R B -

1.1.6 4fiTE (statistic)

AR R AT R ZREE -

1.1.7 4= TE2AYHHAY (The objective of Statisics)

Hif A BRI S -

L1.8  ratEayanE

o Fyutiast (Descriptive Statisics) K H#Esm4t=1 (Inferential Statisics) WIS 57 ©
FOIERET - B EEEEE - EREE K rT AR R s ERYTTE -
Hesmdiat « EaHEAEHNRHERERE @ (L5322 TSR/ N TTE -
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L1.9 ARt Y FAE B
FREER — BRE — BREE - BT — SEmsliR

1.2 Types of Random Variables

FE s (Types of Random Variables)

1.2.1 B - B S EEE B (Qualitative R.V.)

PSSR S SR B E RN - MREREZERIRZ - a1 - MR~ (EfEH - BEE

1.2.2 =589 - F{EEE (Quantitative R.V.)
BEfSEE S AR DBERR - B & -

1.2.2.1  BS (Discrete)
&t ey T S HEE R

1.2.2.2 %% (Continuous)

&R T AU &R -

2 Descriptive Statistics

2.1 Graphs
2.1.1 EMEEROA DAER

F] [l (Bar Graph) ~ fH$17[E (Pareto Diagram) ~ [E]@#f[E (Pie Chart) °
2.1.1.1 E&FE

RAPRIE 2 F AR ELH R B FIRHHEOE IR 2= R - S A — (R H Hhee R 224 MR
B EEEERER - bR R ARE
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A ffEE | 12
B. 7##f | 81
C. B8 | 51
D. HZ | 30
E. #5:4% | 79
F. HAfr | 6
| |
81
80 - -
60 - -
B
2 40

20 + -
12
ol N
HEfC.

A. & B. HD. m V\F-ﬁfﬁﬁ

# WF)‘%’?)%EJJ

2.1.1.2  [E§HfE

(Bl et i A 2R — (i B — SR A E A e B o e S ARG T - AR B
B. #H )

C. B

D. B

D 5%
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2.1.1.3  fHhrfE

PRI EIRE © B D BRI S8 HYIRBR MR o AR R R (E At AL AN —
AR > SRR ST SR IBIFTIB AL » ZERIMEAARER IR > A RIE AR R RE TR (2
HotbRom) » SRR NP EE BN SN ER M - I ENEFRFR > B EE
FORHENRNRNZERE (HREREZD) » B2 IFOR Rat R (i
FLIE R ) ©

eI — e AR B AV IE TP S HR AR - fEan B E B > ZFERRaE
HFRBAREAVACIR ~ B VBRI EDE SRR AR FIARRAE - 5 1] IS R
AYRISEIE E - T ORISR REA R BRI st trd ey H ey - S ABC 35
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Figure 1: i [E7R= A1

212 EEERAFLIERER

IRl (Dot Diagram) @ B J5[& (Histogram) °

2.1.2.1 EhE

st ] ] A A DARER Bkt 2 o AR TR
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T T T T T T
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Figure 2: ]
2122 HH
B ERKEANEE R - LB RIREGE AT AL -

Histogram of arrivals

:
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Figure 3: H J5[E A

B E e —I% DL 2 By T AR By -
e.g. n=40 > HIJ5r4A%0Ey 5 B 6 40
20 <n <26
2.2 Statistic and Parameter

4T = (Statistic)

221 JFIREEREE R
[RGB EAE AT Z R ] o B DU U -
1. &334 (Central Tendency of Location)
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2. BErhiEgEh (Dispersion)
3. {imHE (Skewness)

4. 1&FE (Kurtosis)

2.2.1.1 i34 (Central Tendency of Location)

CHRCRREEMSE | BT A B BRI — (S - RS P4 R
TR PR R -

* P (uor X)
HI oy Ry ERe PRI A Y - Hor

(1) BERE T8 () B
e
=N
(2) A8 (X) By
. YX,
X - '

Ho N R A - n FOREAR/ N

o PrE (M)
BRI NEARTRPR > a P REIAYAD—(EE R g -

.« RE
FE—HBdE > DR BESEE L -

SPEEOS R E D E R BURR - T A B R B R E R BURL - It - E &R TP AR
BT > RIE A P Bl 8 A (8P 3 -
2.2.1.2 FErpiEEh (Dispersion)

"EER S 2R BRI E R ANSEESE N —(EEE - = EEEMEE
et EH 0 2 FE (Range) ~ 88 BT 7 #E 52 (Variance and Standard Deviation) J7 58 B {48

(Coefficient of Variation) °
1. 2H (R) © 2pEE s E—HEE = R Ay 5% - AR

R=xKE - 8/ME

EECVIEWA 75
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w—AHEIE DA R E PR EE R E K (n > 10) B > 2EIIE—{E—ERE G
HrEBEEE —HEH > NHEMARER NARAE M BRI mrEE -

2. SELEIHIEAETE (Variance and Standard Deviation)
(1) BEAGE R (0%) By

N N
1 Z X > (Xi —p)?
2 _ 2 i=1

(2) BEASEFE (S?) Ky

1 - 2 _ e (Xi = X)?
S? = x Y (X - X)? = ==
i=1

n—1 n—1

(3) BEREATAEZE (0) By

o= Vo?
(4) BEAREAEE (9) By
S =V's?

2.2.1.3 {®HE (Skewness)

"RRE ) S FAER I —4HEIR AR EYIERE - Bl AR = (RAE
L. %ITH P98 = A%

s

FH9H
T
7H

2. Afm > i Y8 > PR
3. fofm > B ¢ P8 < TP irEr

22.14 {RAEHREL

EZN T EN s
1 . - 1 " (X — X3 (n—1
91:§X E (Xi — )3><n_1 :ZZ:I( 53)/(n )
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Y

Positive Skew

Y

Negative Skew

IREGREL = 0 FoEA A EIHEAY -
IRAGHREL >0 BRI ERAHY -
IRAGHREL <0 RRBAIATER/AH -

2.2.1.5 [&fZ (Kurtosis)

FESRETER T i B E BB R B R T AV RE - (Sl R R 8 B K2 R (B
BRI B NP EL A A 2= (L5 [RERY o IR fE(REA T -

1 - )4 1 Z?:1(Xi_y)4/(n_1)
@:gxlg(xi—)() X — —3= o1 -3

K

Rl (R B = 0

2.3 Box-Whisple Plot

231 2SREREE?

illg

ZaliEl (Box Plot) j&— @B #oniA » BhlE Al FIRARH B Z S higish ~ BEhigish - 7
&~ /ME ~ RRES -

© Q1 © 55— DU i 8ress 25 H o s -
Q2 SHF U BE AL E (M) -
© Q3 1 E=DUsrBEE 75 Hor i EL -
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lower lower upper upper
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r T T T 1
-15 -10 -5 0 5

Figure 4: &52[E I~
* Q;—Q, =75 Bl — 325 U =

+ IR = interquartile range = VU537 fE

232 ZEEMNTEEIH
e _ERIT ARG e R T ERAE -

BiliSsn ot TEh=

1000—

—

true speed

900
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Figure 5: [F]if EEEBH 2 S B &R Bl

2. IS HBEER(E (Outliers) -
(1) BERFE © BAR e/ N E— = BeR h Z HAE 8% -
(2) PR

(a) BB ESRE & 1.5(Q; — Q) & 3(Q; — Q) FEREN ZE A E/FrlsE < HERHE (7
FEEERE(E mild outlier ) o
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(b) EBESEE & 3(Q; — Q) RSN ZE AT E/FIER nlpe Z BERHE (MmEkEtE

extreme outlier ) °

3 Probability

3.1 Introduction and The Role of Probability in Statistics
3.1.1 % (Experience)

B e e — v aost — LS 2 N{EAVEFRE (Process) » 1

o BB —E X

o BT

« BHHEYI—HX

3.1.2 fEAZER] (Sample Space,S)

—EEERAFTA " RE R AV IR 2 STl R A 2] -

3.1.3 ZE{F (Event)
U S Y

3.1.4  EfFARIRE

b n(A) = A FEFEPHTRER  n(B) REEAZER T Z T (EE -
3.1.5 ZHEfFAHB ZR%

IERIS
B ARREGZEMEBRIEE LA -

2. J81L
BfF A RSB B (VB MR (R B LA S B A -

3. BJF
e A BLEMR B R OJgEEIFEE A - RIS AR -
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3.1.6 R =[5
1. 0 <P(A) < I(HRAZERE—SM A)
2. P() = 0) > P(S)=1
3. A A, Ay, Ax B A RS |

« P(A)=1-P(A)

3.1.7 {#{41%2< (Conditional Probability)

The conditional probability P(A|B) is the probability of event A given that B occurs.

P(AN B)
P(AB) = ———=
(A1) = =5
,where we assume that P(B) # 0
3.1.8 HI[KJEHE (Bays’ Theorem)
An application of the cinditional probability.
P(ANB) P(B|A) - P(A)

P(A|B) =

P(B)  P(B|A)-P(A) + P(BJA) - P(4)

Note:P(B) = P(B|A) - P(A) + P(B|A) - P(A) — This is called “total probability”.

3.1.9 J&I7ZEF (Independent)

If A and B are independent,then

P(AN B) = P(A)P(B)

3.2 Probability Distributions
R AR FE M S B R A =

1. B BORBE BB (Discrete R.V)) 536 ¢ BIERCR B 22 07 I P23 B (S B 2 <
41 GG

2. HERIFEASEEE (Continuous R.V.) #HLAE Y 5 M S 2 e FH A LA (B RS R - 3« =B
= REE

11 Chapter 3
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3.2.1 BEECZUPEREEEEL (Discrete R.V.)
32011 EEEUHEERSE R R AT
FEARIE I R B 2 R AT > REDABIER AR R E R X AV — AT RE(E 2 B -

p(r) = P(X =), (Vz)

3.2.1.2 p(x) ZHEM

L. 0<p(z) <1

2. Zp(a:) =1

all x

3.2.1.3 iR B R AR 2 A
L N —RY | EEE R X (YA ATReE

2. BTRMNE— X ZHEER p(2)

3.2.14 EEUUEMSEE . I E
e X F—EESI eI g > HAMR AT By p(a) > HII X BYHASE(E By

E(X)=p=>Y z-p)

all x

3.2.1.5 EEHAY BB S S R SR A
= X R EERI R EHeR Ry p(x) » A
« X WHEARME S E(x) = u

- X HIERE R Var(X) = 0 = B (v — )= Y 2”p(x) — p°
all x

o« X HUREHERE By StD.(X) = 0 = Vo?
3.2.2 HERIEHEEE (Continuous R.V.)

For a continuous R.V. X the role of the probability function is taken by a probability density

function, f ().

12 Chapter 3
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3.2.2.1 The Density Function for a Continous R.V.

If X is a continuous R.V., then the probability that X takes on any particular value is O:

If X is a continuous R.V., then
Pla<X<bh)=Pa<X<b=(@<X<b=(a<X<b)

Note:This is not true for a discrete R. V.

3.2.2.2 The poperties of the probability density function, f ()

L f(z) =20

2./2f@ﬁh=

If X is a continuous R.V.,with a density function f(z), then for any a < b the probability that X

falls in the interval (a, b) is the area under the density function between a and b:

P(aﬁXﬁb):/bf(x)dx

3.2.2.3 The Expected Value of a Continous Random Variable

If X is a continuous R.V. with the density function f(z),the Expected Vaule of X ,is

E<x>=ux:/_°°x-f<x>dx

[e.e]

E(z) is a weighted average of all possible value of X with each value weighted by it associated
probability.
Let X be a continuous R.V. with the density function f(z), and let g(x) be any function of X.

Then the expected value of g(z) is

3.2.2.4 BRI S B EL AR A 2
5 X By GRS R f(x) o B
« X IHISEE R B(z) =
o X MYEERES Var(X) = 0% = E [(z — p)?]
. X HIEEAEFE B StD(X) = 0 = Vo?

13 Chapter 3
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3.2.3 (Cumulative) Distribution Function (c.d.f)
3.2.3.1 The (Cumulative) Distribution Function(f57# c.d.f. or d.f.) Z iRk 8
The distribution function(c.d.f.) of a random variable X is defined to be

Fx(t) = P(X < t)for —oo <t < o0

3.2.3.2 Poperties or Requirements of F'(x)
1. Ifa < b, then F(a) < F(b)
t——o0
3. lim Fx(t) =1
t—00
4. Fx(t) is a right continuous function.

We may use the c.d.f., F'x(t), to evaluate the probability that X lies in a particular interval.

4 Discrete Probability Distributions
NN 3-peisl I= Al
« H%Z 745741 (Bernoulli Probability Distribution)
« —TH%34f (Binomial Probability Distribution)
o #%&fn[434f (Hypergeometric Probability Distribution)
o N7 ELFA%TAH (Poisson Probability Distribution)
« & " IH45710 (Negative Binomial Probability Distribution)

« #(0]474f (Geometric Probability Distribution)

4.1 Binomial Probability Distribution
411 —IHEES
—{EE g e DA T PUER (- A Reke R TR E RS
I FE—gEE1T - BRIV Tn K -

14 Chapter 4
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2. BT B EA WITEAE R ¢ T (Success) BZRAL (Failure) -
3. B—a\ TR s p » RAAVEER Sy (1-p) 2 q -
4. FFPEETT n 0 BB X R R BLER -

412 TIEBERSA
TE n T “IHE RS TH - IR v TR Ry
p(z) = Crp*q™* 2 =0,1,2,...,n
Hrp
« n UREEHVETTE
v RAE n TETT R R EL

O #7F 0 KEATTHI « BRI &
© p BT BTN

v g =1 - p BESTEBIIHEE

4.1.

w

IR R P R S B

P E(z) = pe = np

o SR Var(x) = 02 = npq

4.2 Bernoulli Probability Distribution
H35 71tk (Bernoulli R.V.)
L& X ~(n=1>p) ZZIAA% - QMg X KyE%577 (Bernoulli) FEHESEE -
2. —{BERRFEIEIIAR (n,p) ZHEHEERE Y 2 n (B 25 IEEEE A -

4.3 Hypergeometric Probability Distribution

4.3.1 B nPEiEEiE (Hypergeometric R.V.)

The experiment consists of randomly drawing n elements without replacement from a set of N
elements,a of which are S’s (for Success) and (N-a) of which are F’s (for Failure).

The hypergeometric random variable X is the number of S’s in the draw of n elements.

15 Chapter 4
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\ %
of #Success

of #Success
of #Failure of #Failure

Figure 6: The experiment of Hypergeometric R.V.

4.3.2 AR
The probability function of hypergeometric random variable X is

p(x) _ C;:l 'C'(J;’Vn—za _ (x)((]\v;)—_x)

n

yr=0,1,2,...,a
Hr

* N = total number of elements (EfES445])

+ a=Number of S’s in the N elements (EfE& 1 i THHI{EEL)

+ n = Number of elements drawn ({£E£ES il EHL n {H)

2 = Number of S’s drawn in the n elements (FEY n {[& 5 5 THHI{E L)

433 DIZIES AR S AR

In general,it can be shown that the hypergeometric distribution approaches binomial distribution

with

p:%,whenN—M)o

A good rule of thumb is to use the binomial distribution as approximation to the hypergeometric

N
distribution if n < 10"

4.4 Poisson Probability Distribution
K BRI AT AR I AT E IR B BRI R A M S 2 e -

BT

16

Chapter 4



4ra1E2 Statistics Created by BTEX

1. 28RN PRl A SRR IR (E L
PR Var INECY S EUEmER) s 1
3. — B ] R S A K
4. —PRIRFRE At RS 3 AR I8

4.4.1 fF FLIAER A

B S Rats A T A3 2E > SRR I P RERy 1o T X Forn— B S0
SEAHYICEL > FIR SRR S B T

()\t)xef)\t B /ﬂe*“
x! gl

P(z) = Jorx=0,1,2,...

y
+

o 1= R EARATR AR — R (Sts) NEE ARy FEL
A = BT (BUEE) e AER-98
o ¢ =FEEZEFHE (i)

* e= 2718

4.5 Negative Binomial Probability Distribution

451 & THEL
—(EEERO e TSR - A RE R IHEER -
1 H—ghsmir - EEEITy X -
2. B THYEL RIS R | ) (Success) BHL (Failure) ©
3. B—SITHENIVERE fy p o RIMETHER Ry (1-p) B q
4. BAFTEHERSS r RRIOFTEEE 2 S TR y 4 Bk -

4.5.2 & TR

The probability distribution for a negative binomial random variable Y is given by

y_l roy—r
p(y) = (r_l)p ¢ (y=rr+lLr+2,.0)

)
+

17 Chapter 4
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* p = Probability of success on a single Bernoulli trail
cq=1-p

+ y = Number of trails until the r** success is observed

453 A IEBEEE N VI R
C T ==

. BERPY Var(X) = 0% = —

4.6 Geometric Probability Distribution

4.6.1 &[RRI ARHRFB

The geometric distribution is a special case of the negative binomial distribution.It deals with

the number of trails required for a single success.Thus,the geometric distribution is negative binomial

distribution where the number of successes (1) is equal to 1.

4.6.2 S&MIHER AT

For the special case » = 1,the probability distribution of Y is Known as a geometric probability

distribution.(Y FoRtHFRSE 1 RATELRERYEERE)

p(y) =p' ", (y=1,2,...)

Hrp

* p = Probability of success ona single Bernoulli trail
cq=1-p
* y = Number of trails until the first success is observed
4.6.3 & [ATETARSER G P R S
1
W E) =p=

- FEEPY Var(X) = 0> = L

18
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S Continuous Probability Distributions
RIS
 HHESTAR (Normal Distribution)
o R BES3fE (Lognormal Distribution)
o 7%—434f (Uniform Distribution)
o I¥EST7R (Gamma Distribution)
« J5#71R (Exponential Distribution)
o E{A%77 (Weibull Distribution)

o HIE4571h (Beta Distribution)

5.1 Normal Distribution
5.1.1 {e[E8H e A (Normal Distribution)

H AT AT 22 Bl 2 i E R BE M B B i BB I 046 > W N EIFTR © MR8 10 AR E
St (B = #7941 (Gaussian distribution) ) ©

<
o

0.3

0.2

34.1%| 34.1%

0.1

0.0
L

2 2
e (TH207 oo <1< 00

)
+
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» m = Mathematical constant approximated by 3.1416
* e = Mathematical constant approximated by 2.718

* 1 =Population mean or the true mean

+ 0% =Population variance

It is denoted by N (u, o)

5.1.3 HERRHRER

FUaERLZ p B o [HAFERY - HE R Z S(EIRAH -

10 T T T T T T T | | T
L H=0, 02=0.2, m— _-
H=0, 0°=1.0,=—— 1
0.8 _ 2 —
H=0, 0%=50, == ]
- H=-2, 0°=0.5, =

Figure 8: F—H & i > AILUH N(p,0) 2

514 N(u,o0) HIFFHE
1. BT e
2. PEIREE » Z{ERIH —oo £ oo
3. #IPIAT -
4. fhgr MR 1
5. S = HEH (PR PUBREED &2 -

5.1.5 p Bl o Qa2 B REHE 4R
o u—fir'E 245 (Location parameter)
o o8BS (Dispersion parameter)

20
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8
PAIE
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#

Figure 9: ~PH987 = L% = T8

PIYEOR 0~ SRR | ZHEREIT T R R AR 0 DL N(0,1) RZ -

5.1.6 FEAERRE M
5.1.7 RIS

TR RS N(0,1) Z(EFEBERIE

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 ] 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 [ D.5199 0.5239 | 0.5279 | 0.5319 | 0.535%
0.1 | 0.5398 | 0.5438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5673 | 0.5714 | 0.5753
0.2 | 0.5793 | 0.5832 | 0.5871 0.5910 | 0.5948 0.5987 | 0.6026 | 0.6064 | 0.6103 0.6141
03| 0.6179 | 0.6217 | 0.6255 | 0.6293 | 0.6311 0.6368 0.6406 | 0.6443 | 0.6480 | 0.6517
04 ] 06554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 ] 0.6915 | 0.6950 | 0.6985 | 0.701% | 0.7054 | 0.7088 0.7123 | 0.7157 | 0.7190 | 0.722
0.6 | 07257 | 0.7291 | 0.7324 | 0.7357 | 0.7389 0.7422 0.7454 | 0.7486 | 0.7517 | 0.754%
0.7 | 0.7580 | 0.7611 | 0.7642 | 0.7673 | 0.7703 0.7734 | 0.7764 | 0.7794 | 0.7823 0.7852
0.8 | 0.7881 0.7910 | 0.7939 | 0.7967 | 0.7995 0.8023 0.8051 | 0.8078 | 0.8106 | 0.8133
0.9 ] 0.8159 | 0.8186 | 0.8212 | 0.B238 | 0.8264 | 0.8289 0.8315 | 0.8340 | 0.8365 0.8389
1.0 | 0.8413 | 0.8438 | 0.8461 0.8485 | 0.8508 0.8531 0.8554 | 0.8577 | 0.8599 | 0.8621
1.1 | 0.8643 | 0.8665 | 0.8686 | 0.8708 | 0.872 0.8749 0.8770 | 0.8790 | 0.8810 | 0.8830
1.2 | 0.8849 | 0.8869 | 0.8888 | 0.85%07 | 0.8925 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
1.3 | 09032 | 0.9049 | 0.9066 | 0.9082 | 0.9099 0.9115 0.9131 | 0.9147 | 0.9162 | 09177
1.4 | 09192 | 09207 | 0.9222 | 0.9236 | 0.9251 0.9265 0.9279 | 0.9292 | 0.9306 | 0.931%
1.5 | 0.9332 | 0.9345 | 0.9357 | 0.9370 | 0.9382 0.9394 | 0.9406 | 0.9418 | 0.942% | 0.9441
1.6 | 09452 | 09463 | 0.9474 | 09484 | 09495 0.9505 0.9515 | 0.9525 | 0.9535 0.9545
1.7 | 0.9554 | 0.9564 | 0.9573 0.9582 | 0.9591 0.9599 0.9608 | 0.9616 | 0.9625 0.9633
1.8 | 0.9641 0.9649 | 0.9656 | 0.9664 | 0.9671 0.9678 0.9686 | 0.9693 | 0.9699 | 0.9706
1.9 | 09713 | 09719 | 0.9726 | 09732 | 0.9738 0.9744 | 0.9750 | 0.9756 | 0.9761 0.9767
20| 09772 | 0.9778 | 0.9783 0.9788 | 0.9793 0.9798 0.9803 | 0.9808 | 0.9812 | 0.9817
2.1 ] 0.9821 0.9826 | 0.9830 | 0.9834 | 0.9838 0.9842 0.9846 | 0.9850 | 0.9854 | 0.9857
2.2 ] 0.9861 0.9864 | 0.9868 | 0.9871 | 0.9875 0.9878 0.9881 | 0.9884 | 0.9887 | 0.9890
2.3 | 09893 | 0.9896 | 0.9898 | 0.9901 | 09904 | 09906 | 0.9909 | 0.9911 | 0.9913 0.9916
24| 09918 | 0.9920 | 0.9922 | 0.9923 | 0.9927 | 0.9929 0.9931 | 0.9932 | 0.9934 | 0.993¢6
2.5 | 0.9938 | 0.9940 | 0.9941 0.9943 | 0.9945 0.9946 | 0.9948 | 0.9949 | 0.9951 0.9952
2.6 | 09953 | 0.9955 | 09956 | 0.9957 | 0.9959 0.9960 | 0.9961 | 0.9962 | 0.9963 0.9964
2.7 | 09965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 0.9970 | 0.9971 | 0.9972 | 0.9973 0.9974
2.8 | 09974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 0.9979 | 0.9979 | 0.9980 | 0.9981
2.9 | 0.9981 0.9982 | 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9986
3.0 | 09987 | 0.9987 | 0.9987 | 0.9988 | 0.9988 0.9989 0.9989 | 0.9989 | 0.9990 | 0.9990

518 —RERES MR

Figure 10: RS {EFR

RFEARAE L (Standardize) > #EFAREEAEF AR
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Hep Z ~ N(0,1)

519 mEEEEEERRIE

1. A E T E
NSRRI AR > BIHIE R RE I {ff -

2. F] A #EMRE (Normal Probability Plot)
HEEPEESR > B E IR E &1 -

Normal @-Q Plot

Sample Guantiles

Theoretical Quantiles

Figure 11: HHEf% X [E] (Normal Probability Plot)

3. M4t taE
H SR p-value<0.05 » BIH EHER & RE AR
o R HEACEREE (Chi-Sqare Goodness-of-fit Test)
« K-S f7E (Kolmogorov-Smirnov Test)

* A-D f#7E (Anderson-Daring Test)

5.2 Lognormal Distribution

The log-normal distribution occurs when the logarithm of a random variable has a normal distri-
bution.
X is called a log-normal random variable if and only if

1
V2rp

flx) = gl (na—p)*/26° (x>0,8>0)
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f(z) = 0, (otherwise)

Where In x is the natural logarithm of X.

5.2.1 The mean and Variance of Log-normal Distribution
The mean of log-normal distribution is:
= e taf?

The variance of log-normal distribution is:

0_2 — 62&—1—52 (eﬁexp2 . 1)

—o=10

— 0=3/2

o=1

o=1/2

—o=1/4

— 0=1/8 7

Figure 12: Plot of the Lognormal

5.3 Uniform Distribution

The continuous random variable X is called a uniform random variable if and only if X is uni-

formly distributed over the interval (a, b) ,i.e.,the density for X is

1
= ———— b
f(z) 7 a,a<)§<

f(z) =0, (otherwise)

The mean for the Uniform R.V. is:
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The variance for the Uniform R.V. is:

bh— 2
Var(X) = 0% = (b—a)
12
1
b-a | ¢ ¢
; ;
a b

Figure 13: Uniform distribution

5.4 Gamma Distribution

Several important probability densities (such as Exponential(a = 1), Weibull) are special cases
of the gamma distribution.

X is called a Gamma random variable if and only if

B 1
- f°T(a)
f(z) = 0, otherwise

P x> 0,a0>0,8>0

f(z)

Where I'(«) is the value of the gamma function

* Gamma Function

I(a) = / 7 'e™" dx, where a > 0
0

5.4.1 Properties of the Gamma Function
l. I'(a) < o0, ifa< 0
2. IMNa)=(a—1I'(a—1), ifa>1
3. I'(a) = (o« — 1)!, if a is a postive integer
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5.4.2 The Mean and Variance for the Gamma R.V.

The mean for the Gamma R.V. is:

E(X)=apB
The variance for the Gamma R.V. is:
Var(X) = af?
0.5 TITTTTTT I T[T T T I TIT T 17T IHHHHlHHTHHlHHHHl‘HHITITI‘HHHIHlHHHHJ:
— k=1.0,6=2.0 3
g k=2.0,0=20 :
0.4 F k=3.0,0=20 E
g k=50,0=1.0 g
g ——— k=9.0,6=05 ]
03 & —— k=75,0=1.0 E
g k=0.5,0=1.0 E
02 =
0.1 £ =
0 ;-v‘uzml\llli""H\I\I‘HHHH """""""""""""" I \\\\\\\ i

0 2 4 6 8§ 10 12 14 16 18 20

Figure 14: Probability density plots of gamma distributions(k = «, 0 = f3)

6 Bivariate Probability Distribtions & Sampling Distribtions

RS S 142577 (Bivariate Probability Distribtions)

6.1 Random Vector

Suppose that S' is the sample space associated with an experiment.
Let X = X (w) and Y = Y (w) be two functions each assigning a real number to every point w of
S. Then (X,Y) is called a two-dimensional random vector (or we say that X, Y are jointly distributed

random variables).
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6.2 Bivariate Probability Distribtions for Discrete R.V.

6.2.1 Joint Probability Mass Function for Discrete R.V.

Suppose that X and Y are discrete random variables defined on the same probability space and
that they take on values 1, x5, ... ,and yy, 4o, . . . , respectively. Their jointly probability mass function
P(X,Y)is:

PX,)Y)=P(X =2z,Y =y)

The joint probability mass function must satisfy the following conditions:

. P(X,Y)=P(X =2,Y =y) <0.¥(z,y) €R

2. Y PX =Y =y =1

allz ally

6.2.2 Find the Joint Probability Mass Function for the Discrete X and Y

Construct a table listing each value that the R.V. X and Y can assume.Then find p(z, y) for each
combination of P(X,Y).

6.2.2.1 Example

Toss a fair coin 3 times.Let X be the number of heads on the first toss and Y the total number of

heads observed for the three tosses.Find the joint probability mass function of (X,Y).

Y B
0 1 2 3 P&
0 1/8 2/8 1/8 0 4/8
X 0 1/8 218 1/8 4/8
P(Y=y) 1/8 318 318 1/8 1

Figure 15: Example table for Joint Probability Mass Function

6.2.3 Find the Marginal Probability Function feom the table

Since Py (y) and Px () are located in the row and column “margins”,these distribution are called

marginal probability function.

1. To find Py (y),sum down the appropriate column of the table.
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2. To find Px(z),sum across the appropriate row of the table.

6.3 Bivariate Probability Distribtions for Continous R.V.

6.3.1 Joint Probability Mass Function for Continous R.V.

Suppose that X and Y are jointly distribution random variables.Their jointly probability density
function is a piecewise continuous function of two variables, f (X, Y'),such that for any “reasonable”

two-dimensional set A:

P((X,Y)GA):/A/f(x,y)dydx

The joint probability density function must satisfy the following conditions:

1. f(z,y) <0,¥(x,y) €R

2. / flx,y)dedy =1
ally allx ( )

6.3.2 The Marginal density function for X and Y

L fy(y) = flz,y)dy

ally

2. fx(x) = 1 f(x,y)dx

In the discrete case,the marginal mass function was found by summing the joint probability mass

function over the other variable;in the continuous case,it is found by integration.

6.4 The Expected Values and Covariance for Jointly Distribution R.V.

6.4.1 The Expection Value of any Two Varible X and Y

If X and Y are independent, then

E[XY]=E[X]-E[Y]

6.4.2 The Covariance of any Two Varible X and Y

Cov(X,Y) = E{[X — E(X)][Y — E(Y)]} = E(XY) — E(X)E(Y)
If X and Y are independent,then Cov(X,Y) =0
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6.5 Independence and Conditional Distributions

6.5.1 Independent Random Variables

X and Y are independent random variables if and only if

P(XeAYeB)=P(XeA) -PYe€B)

X and Y are independent random variables if and only if

Fxy(X,Y) = Fx(X) - Fy(Y)

6.5.2 Conditional Distributions

1. If X and Y are discrete random variables, then

P(X =Y =y) Pxy(z,y)

P(X =zlY =y) = PY=y) Py

,Py(y)%o

(@) Pxy(x,y) = P(x|y)Py(y)

(b) Px(x) =) P(xly)Py(y)
ally

2. If X and Y are continuous random variables, then

Ixv(z,y)
f(zly) = ) =, f(Y)#0

(a) fXY x Z/ l’\y)fY( )
() fx(z /tmwh

6.6 Covariance and Correlation
Two measures of association between two random variables:

6.6.1 Covariance

The covariance of any two random variables X and Y is

Cov(X,Y) = E{[X — E(X)][Y — E(Y)]} = E[(X — px)(Y — py)]
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6.6.2 Correlation

The correlation of any two random variables X and Y is

Cov(X,Y)

Ox0y

p(X,Y) = , provide that o, < co and oy < oo

Note:
. -1 << p(X,)Y)<1
2. X and Y are said to be postively correlated if p(X,Y") > 0.
3. X and Y are said to be negatively correlated if p(X,Y) < 0.

4. X and Y are said to be uncorrelated if p(X,Y") = 0.

6.6.3 Theorems of Covariance and Correlation
1. COV(X, Y) = E(XY) — Ux Uy

2. If X and Y are independent, then Cov(X,Y) = p(X,Y) = 0If Cov(X,Y) = 0, X and Y may

not be independent (i.e.,X and Y may be independent).

3. Suppose that X is a random variable such that 0 < ¢35 < oo, and that Y = aX + b for some
constant a and b, where a # 0.If a > 0,then p(X,Y) = +1.If a < O,then p(X,Y) = —1.
That is, if Y is a linear function of X, then X and Y must be correlated and |p(X,Y)| = 1.

4. Cov(X +Y) = Cov(X) + Cov(Y) + 2Cov(X, Y)(provide that Var(X ), co and Var(Y) < c0)

(a) Cov(aX,bY) =ab-Cov(X,Y)
(b) Var(aX + bY + ¢) = a*Var(X) + b*Var(Y) + 2abCov(X,Y)

(c) Var(X —Y) = Var(X) + Var(X) — Cov(X,Y)

5. If Xy, Xy, ..., X, are random variables and Var(X;) < oo, fori = 1,2, --n, then

Var(z X;) = zn:Var(X) + 2 Z Z Cov(X;,Y;)

i<j

6.7 Sampling Distribtions

Sampling Distribtions #ifi5 534

The probability distribution of a statistic that results when random sample of size n are repeatedly
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Sample #1

Population n=50 @
Sample #2
™ ®
Sample #3
- (@)

@ Sample #K

n=50
Figure 16: Sampling

from a given population is called the sampling distribution of the statistic.
If to simulated distribution of X based on independent random samples from any distributions

is close to Normal distribution.Note that:
1. The values of X tend to cluster about the mean of any distributions.

2. As the sample size n increases, there is less variation in the sampling distribution of X and the

shape of the sampling distribution X tends toward the shape of the Normal distribution.

6.8 The Sampling Distribution of the Sample Mean and Standard Deviation

6.8.1 The Central Limit Theorem(C.L.T.)

If random sample of n observations are drawn from a population with mean p and standard

deviation o, then when n is large(n > 30),the sampling distribution of X is approximately normally
o

%.

XNN(u,ﬁ

The approximation will become more and more accurate as n becomes large.

distributed with px = i, and o =

),if n > 30

If the population is normal, then the distribution of the sample mean X will always be nor-

mal,regardless of the sample size (n).
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6.9 The Sampling Distribution of the Sample Mean

If X is the mean of a random sample of size n taken from a normal population having the mean
v and the variance o (when the ¢ is unknown.) ,then the sample statistic
X —u
- S/vn
has a T-distribution with degrees of freedom(d.f. HHE)y = n — 1.

T

Note: T-distribution is also called ”Student’s T-distribution”.

6.9.1 Degree of Freedom

We use the degrees of freedom as a measure of sample information.

For example, we say that the T-distribution has degrees of freedom n — 1.

Why?

There are n degrees of freedom or independent pieces of information in the random sample of
size n from the normal distribution.

In calculating 7' = ,we do not know o and need to use the sample data to estimate

X —p
S/\/n
o. When the data (the values in the sample) are used to compute the mean X for obtaining S* =

n 2
T — T . : . . .
E %,there is 1 less degree of freedom in the information used to estimate o2,
n JR—
=1

6.9.2 T-Distribution Table

When d. f. > 29 or n > 30, T-distribution is very close to Z-distribution.

6.10 The Sampling Distribution of the Sample Propotion

p * Population Propotion

p © Sample Propotion = — = TN ZE/4EERER 0

n
When the sample size n is large, the sampling distribution of p is approximately normal with
mean p and standard deviation @.
n
. bq
~ N Lt
(p4/77)
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one-tail 0.1 0.05 0.025 0.01 0.005 0.001 0.0005

two-tails 0.2 0.1 0.05 0.02 0.01 0.002 0.001
DF

1 3.078 6.314 12,706 31.821 63.656| 318.289 636.578

2 1.886 2.92 4.303 6.965| 9.925 12.328; 31.6

3 1.638 2.353 3.182 4,541/ 5.841 10.214) 12.924

4 1.533 2.132 2,776 3.747| 4,604 7.173| 8.8l

5 1.476 2.015 2,571 3.365| 4.032 5.894 6.869

] 1.44 1,943 2.447 3.143 3.707 5.208 5.959

7 1.415 1.895 2.365 2.998 3.499 4.785 5.408

8 1.397 1.86 2.306 2.896 3.355 4.501 5.041

9 1.383 1.833 2,262 2.821 3.25 4,297 4,781

10 1.372 1.812 2,228 2.764 3.169 4.144 4.587

11 1.363 1.796 2,201 2.718| 3.106 4,025 4,437

12 1356 1782 2.179| 2.681| 3.055|  3.93| 4.318

13 1.35 1.771 2.16 2.65| 3.012 3.852| 4,221

14 1.345 1.761 2,145 2.624| 2.977 3.787| 4,14

15 1.341 1.753 2,131 2.602| 2.947 3.733| 4,073

16 1.337 1.746 2.12 2.583 2.921 3.686 4,015

17 1.333 1.74 2,11 2.567 2.898 3.646 3.965

18 1.33 1.734 2,101 2.552 2.878 3.61 3.922

19 1.328 1.729 2.093 2.539 2.861 3.579 3.883

20 1.325 1.725 2,086 2.528 2.845 3.552 3.85

21 1.323 1.721 2.08 2.518| 2,831 3.527| 3,819

22 1.321 1.717 2.074 2.508| 2.819 3.505| 3.792

6.11 The Sampling Distributions Related to the Normal Distribution

Figure 17: T-Distribution Table

6.11.1 Chi-Square Distribution

x2-Distribtion(-& 1543 4H)

If S? is the variance of a random sample of size n taken from Normal population having the

variance o2, then

2

(n—1)5?

o2

has a (Greek letter,Chi) distribution with the d.f. = v =n — 1.

fi(z)

0.5

0.4

0.3

0.2

0.1

0.0

Figure 18: Chi-Square Distribution

X;

_OH[ [ [ F

L L L
© S W

0
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6.11.1.1 Chi-Square Distribution Table

Degrees of
freedom

(df) | .99

1 —

2 0.020

3 0.115

3 0.297

5 0.554

6 0.872

7 1.239

8 1.646

9 2.088
10 2.558
11 3.053
12 3.571
13 4.107
14 4.660
15 5.229
16 5.812
17 6.408
18 7.015
19 7.633
20 8.260
21 8.897
22 9.542
23 10.196
24 10.856
25 11524
26| 12.198
27 | 12.879
28 | 13.565
29 | 14.256
30| 14.953
40 22.164
50 29.707
60 37.485
70 45.442
80 53.540
100 | 61.754
1000 | 70.065

975
0.001
0.051
0.216
0.484
0.831
1.237
1.690
2.180
2.700
3.247
3.816
4.404
5.009
5.629
6.262
6.908
7.564
8.231
8.907
9.591

10.283
10.982
11.689
12.401
13.120
13.844
14573
15.308
16.047
16.791
24433
32.357
40.482
48.758
57.153
65.647
74.222

.95
0.004
0.103
0.352
0.711
1145
1.635
2.167
2733
3.325
3.940
4.575
5.226
5.892
6.571
7.261
7.962
8.672
9.3%0

10.117
10.851
11.591
12.338
13.091
13.848
14611
15.379
16.151
16.928
17.708
18.493
26.509
34.764
43.188
51.739
60.391
69.126
77.929

Significance level (a)

8
0.016
0.211
0.584
1.064
1610
2.204
2.833
3.490
4.168
4.865
5.578
6.304
7.042
7.790
8.547
9.312

10.085
10.865
11.651
12.443
13.240
14.041
14.848
15.659
16.473
17.292
18.114
18.939
19.768
20.599
29.051
37.689
46.459
55.329
64.278
73.291
82.358

1
2.706
4.605
6.251
7779
9.236

10.645
12.017
13.362
14.684
15.987
17.275
18.548
19.812
21.064
22.307
23.542
24.765
25.989
27.204
28.412
29.615
30.813
32.007
33.196
34.382
35.563
36.741
37.916
39.087
40.256
51.805
63.167
74.397
85.527
96.578
107.565
118.498

.05

3.841

5.991
7.815
9.488
11.070
12.592
14.067
15.507
16.919
18.307
19.675
21.026
22.362
23.685
24.996
26.296
27.587
28.869
30.144
31.410
32.671
33.924
35.172
36.415
37.652
38.885
40.113
41.337
42.557
43.773
55.758
67.505
79.082
90.531
101.879
113.145
124.342

.025
5.024
7.378
9.348

11.143
12.833
14.443
16.013
17.535
19.023
20.483
21.920
23.337
24.736
26.119
27.488
28.845
30.191
31.526
32.852
34.170
35.479
36.781
38.076
39.364
40.646
41.923
43.195
44.461
45.722
46.979
59.342
71.420
83.298
95.023
106.629
118.136
129.561

.01
6.635
9.210

11.345
13.277
15.086
16.812
18.475
20.090
21.666
23.209
24.725
26.217
27.688
29.141
30.578
32.000
33.409
34.805
36.191
37.566
38.932
40.289
41638
42,980
44.314
45.642
46.963
48.278
49.588
50.892
63.691
76.154
88.379
100.425
112.329
124116
135.807

Figure 19: Chi-Square Distribution Table(k = v = d.f.)

6.11.2 T-Distribution

Definition:Let Z be a standard Normal random variable and x? be a Chi-Sqare random variable with

degrees of freedom v, then

T =

Z

X?/v

has a T distribution with v numerator d.f.(53 1 H FHf%) and v denominator d.f.(53EEE FHE).

If X is the mean of a random sample of size n taken from a normal population having the mean

1 and the variance o2,then the sample statistic

T

X —p

33

NG

has a T-distribution with degrees of freedom (d.f.) v =n — 1.
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6.11.3 F-Distribution

Definition:Let x7 and x> be two independent chi-sqare random variables with v, and v, degrees of

freedom, respectively, then
_ Xi/v
X3/
has a F distribution with v; numerator d.f. and 1, denominator d.f.

If S? and S3 are the variances of a random sample of size n; and n, taken from a normal popu-

lation having the same variances,then

2
F=2
X2

has a F-distribution with d.f. = (v1,12) = (n1 — 1,n2 — 1).

25

dl:‘l, d2=1 ——
d1=2, d2=1 ——
2 d1=5, d2=2 ——
d1=10, d2=1

15 1L d1=100, d2=100 |

1

0.5 -

0 ! ! —

Figure 20: F-distribution(d1l = vy, d2 = 1)

7 Estimation Using Confidence Intervals

Two types of estimation:
1. Point Estimation

2. Interval Estimation

7.1 Point Estimators and their Properties

A point estimator of a population parameter is a rule (or formula) that tells you how to calculate a

single number baesd on sample data.The resulting number is called a point estimate of the parameter.

.M:Y
*0:-S
oP:ﬁ
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7.1.1 Evalute the Goodness of a Point Estimator

Unbiasedness(R{ )

Efficiency (1554 14E)

Consistency(—£4)

Sufficientcy(75457 1)

7.1.2 Unbiased Estimator

An estimator of a population parameter is said to be unbiased if the mean of its sampling distri-
bution is equal to the parameter. Otherwise the estimator is said to be biased.

That is, an estimator is unbiased if
E(Sample estimator) = Population parameter

For example: X and S and p are unbiased estimators.

7.1.3 An Efficient Estimator
A point estimator 6, is said to be a more efficient unbiased estimate of 6 than s if
1. él and éQ are both unbiased estimates of 6.

2. the variance of the sampling distribution of 0 is less than that of 0.

7.1.4 The Maximum Error of Estimate for 1

When we use X to estimate j, the maximum error of estimate can be expressec as follows:

g

)OerTa( S

E=Mazx|X — u| = Zi-a
az[X — pl = Z1_a( NG

)( for large sample )

B

)( for small sample )

7.2 Interval Estimation

Def:
An interval estimate of a population parameter us a rule that tells you how to calculate two num-

bers based on sample data.
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7.2.1 Confidence Coefficient (Z§5{%8;

Def:
The probability that a confidence interval will enclose the estimated parameter is called the con-

fidence coefficient.

7.2.1.1 Interval Estimation of 1

1. (a) o E2401,large sample(n > 30)

S
H_
N

SIS

(b) o EEHI,n < 30
e BHE 2 71 2 HE G

2. (a) o RA A n ZAN 0 BERHS R HERR

X+T-

S

b) o RKFI>Hn<30> HS~o

YiZ-i

NG

The CLT guarantees that X is approximately normally distribution regardless of the distribution
of the sampled population.
The value of z selected for constucting such a confidence interval is called the critical value(E&

5UH) of the distribution.

7.2.1.2 Estimation of Population Propotion

Recall:

A pq
p~N(py=Poy=4/—)

n
pt 2z |
n

The sample size n is sufficiently large so that the approximation is valid.As a rule of thumb,the codition

Estimation of Population Propotion:

of a “’sufficiently large” sample size will be satisfied if np > 4 and ng > 4
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7.2.1.3 Confidence Interval for ¢

Recall:

Estimation of o2:

Assumption:

RHCEHERE
(1-v) is called the confidence coefficient. {ZFE{Z 8
(1-)100% is called the confidence level. {EFE/KAE

7.3 Choosing the Sample Size

7.3.1 Choosing the Sample Size,n

1. Choosing n for estimating ;4 correct to within £ units with confidence (1 — «)

|:Zl—a/2a] 2
n=|———
E

Note:
The population standard deviation o will usually have to be approximated by S.
2. Choosing n for estimating P correct to within £ units with confidence (1 — «)

Rl—a/2

E

n:p~q-[ ],Whereq:l—p

Note:
This technique requires previous estimates of p and ¢. If none are available, use p = ¢ =

0.5 for a conservative of n.

7.4 Estimation of the Difference Between Two Means:Independent Samples

7.4.1 Inerval Estimation of (1, — 12)

1. Large-Sample (1 — a)100%(n; > 30, ny > 30)

02 0.2
T —0)+ 74| L2+ 22
Y1 — ) - + n2
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Note:

We have used the sample variance S? and S5 as approximations to the corresponding pop-
ulation parameters.
Assumption:

The two random samples are selected in an independent manner from the target population.
That is, the choice of elements in one sample does not affect, and is not affected by the choice
of elements in the other sample.

The sample size n, and ny are sufficiently large for the central limit theorem to apply.

2. (1= a)100%(n; < 30 or ny < 30)

(a) assume 0% = o5

- v 1 1
X1 —Xo)E£t-Spn/—+—
(X1 — X>) o T
b 52 — (ny —1)S7 + (ny — 1)53 _ S (X — X))+ S (X — X,)?
o= p n1+n2—2 n1+n2_2
(b) assume 0% # o3
_ S? 52
(Y1 — o) £t L4 =2
ny Mo
where
_ (S/m1+ S3/ne)?
T (s3/m1)? | (s3/na)?
ni—1 na—1
Assumption:

Both of the populations from which the samples are selected have relative frequency dis-
tributions that are approximately normal.

The random samples are selected in independent manner from the two populations.

7.4.1.1 Let (LCL,UCL) represent a (1 — a/)100% confidence interval for (6, — 6>)

1. IfLCL > 0 and UCL > 0, conclude 6; > 0.
2. If LCL < 0 and UCL < 0, conclude 6; < 6.

3. f LCL < 0 and UCL > 0,(i.e.,the interval includes 0), conclude no evidence of a difference

between 6, and 0.

7.4.1.2 Estimation of the Difference Between Two Population Means:Matched Pairs
FARBRRER—HER - 451 -
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7.4.2 Inerval Estimation of (p; — p2)

Large-Sample(1 — «)100% Confidence Interval for (p; — po)
(Pr—p2) 2| —— +——

where p; and p, are the sample proortions with the characteristic of interest.
Note:
We have followed the usual procedure of substituing the sample value p, and ¢y, ps and ¢, for
the corresponding population values required for o (p; — po).
Assumption:
The samples are sufficiently large that the approximation is valid.As a general rule of thumb,we
will require that ,n,q; > 4,n0p2 > 4,n9Gy > 4.
7.4.3 Inerval Estimation of Z—z
2
A (1 — a)100% Confidence Inerval for the Two Population Variance,g—z

03
S? 1 o? S?
() < =5 < S F-a20my
522 Fl—a/?(u1,l/2)> U% 522 1—a/2(v2,v1)

where F, /5(,, 1,) is the value of F that locates an area «/2 in the upper tail of the F-distribution with
vy = (ny — 1) numerator and v, = (ny — 1) denominator degrees of freedom,and Fy, 5y, ) is the
value of F’ that locates an area /2 in the upper tail of the F-distribution with v = (n, — 1) numerator
and v; = (n; — 1) denominator degrees of freedom.
Assumption:

Both of the populations from which the samples are selected have relative frequency distributions
that are approximately normal.

The random samples are selected in an independent manner from the two populations.

7.5 Choosing the Sample Size for Estimating

7.5.1 Choosing the Sample Size for Estimating (1; — o)

Choosing the sample size for estimating the difference (111 — pi2) between two population means

correct to within H units with probability (1 — «)

Zoz/?
H

ny=mng = ( )*(o7 + 03)
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where n; and n, are the numbers of observations sampled from each of the two populations,and o3
and o3 are the variances of two populations.
Note:

The population variances o7 and o3 will usually have to be approximated.

7.5.2 Choosing the Sample Size for Estimating (p; — p-)

Choosing the sample size for estimating the difference (p; — p2) between two population propo-

tion correct to within H units with probability (1 — «)

Za/2 2
H ) (p1qa + p2g2)

nlzngz(

where p; and ps are the proportions for populations 1 and 2,respectively,and n, and n, are the numbers

of observations sampled from each of the two populations.

8 Hypothesis Tests of a Single Population

8.1 Concepts of Hypothesis Testing

8.1.1 st E 2 HY
Fsite € F BB A A AE T ACHE —(E s 2 (R ) 28U -

8.1.2 Steps for Testing a Hypothesis
1. BRI (null hypothesis, Hy) FIEIT7EER (alternative hypothesis, H; or H,)
2. FETEHEE/KHE (level of significance «) °
3. REWE Z mESETE (test statistic) e
4. FREZFEA (rejection region) °
5. T éham—HERIE fERER (reject Ho) BN HERIRE fE(ERER (fail to reject Ho) Wi F It 4 w4 e
EI[H -
8.1.3 EZIL{RER

E B — (22 (E R A 2 B (B Y — BRI -
Gt X T R LA T AT -
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o HTT{EER (Alternative Hypothesis, H)
W T AR RS S R  (RER -

o FEAE(EER (Null Hypothesis, Hy)

We & AT SRR R R 2 B~ e SRR Ry LG Z AR -

PRy =
L. JKESEEIL Hy > AR Z#GIET. Ho ©
2. =" HRERUE Ho 3 -

{35 Hy TZRF5% -t 3] oy R DL S

- HREfE (BHEEIRE ) One-sided Test

A

AR R A< 50> 1R - A ESE T E BB i -

Note:
WE < HIRAE"H,” > R R /e e -
WS> TR H,” > R R G REME -

« SEEMTE (SUERIRE ) Two-sided Test

AR IR £ 1R > RIS T B e -
8.1.4 FSEHEEKE

(G FhERS » R T G

1. Bi—g57= (Type I Error)
B Ho BT e SR AAH R sty HER Ho -
a =P (JUBI—3R7=)
2. BT 2552 (Type 11 Error)
B Ho Z58HY » fge SRl H R e i A +88 Ho
=P (JUEBI—5RAE)

 }7E 7 (Power of a test)

W Ho 880 > e 4 S R HI = RSBV #EEN Ho(The probability of rejecting Hy when it

is actually false.)
Power =1— 0

o ERFE
41
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- True State of Nature E B
e Ho EEEHf Ho /2541
RV Ho B —FRAE 1ERE
AHEER Ho Fistiica AT RE

Figure 21: AT

AR

o B B TR —(EGE T E R ERR > —(ER S DA P R I A B - E R
IR Re e S5 R FER Ho 87 > T mTRE IR —30%  EFMIAVRe e SRS AR Ho 5 >
HAFVATREAUA 3 - P TREAIRHRR —RRE > SUURI 3 -

o 81 B FREZ B (R (& o WEINHE > BICD & o BV - B HEI) o AREE o B B[R] E
/INIYHE— T3 W

8.1.5 ATCHE I EHEt=
BE—(ER e S M E S ET 2

L EoBR mEp:

X —
ST
Hom o Fs Hy THY pfH -
2. % o FH R B
_ X o, N
ﬁqjﬂo/%Ho—FE/\jMﬁ"
3. fE P -
Z:ﬁ—po
P0G0
ﬁquoj\%HoTﬂ/‘]PTE"
4. fE o? )
—1
X2*(n 2)5
00
Hehof By Hy Z T o® fH »

8.1.6 RIEFEANIEK

 FEA1E Rejection Region(R.R.)
AN HERNE SR E S T Bt B E 2 (E -
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« [E5{H Critical Value
E—EfEEA - HEANRGY S FYE R HEESUE -
X FEANSEEE B E B RS R K TTE R EEEKEE o E -

REFEASZEA

o 1E Hy PARRSD<(E>) AREERE - HEAER R e E St Ervk o ichy
il (BiEm) BEl - BFYERAE (BEE) IR o -

- FE Hy AT BB s e > AT BRI - M (b e g
S RIRER S a/2 -

8.2 P-Value and Power of a Test

8.2.1 FORYETEERAY S —(ETE ¢ p-value

—RRAE TR B e Ry - MRS B RINIET R E st B 2 AT » JuBE e BiE /KA
a » FREHIFEAISAZ ISR o [HEIE » NI amie e St 8 ZEZ RS/ B Ho
HRACERZIR

 ERESETE ZAEENEASA - QTER Ho - (RIERESERERE)
« ERRESETEZERNEAISN - RIAERE Ho - (RIEREERAREE )

BeAEE Z BAE /KA (o) (ERHRAT T adamice iy — (A SERVEFL IR - 28000 > St E =
A—EEREL - BiE A DathieE s RAVEERE it - Bt e st B EanT -
A SR R At A e A 2R E -

Def : p-value

* P-value B/ R B2 A SRBEACE R R AR HYBRE /KHE - PEERTAS A B B
B Z AT E e R —(EFE1E -

p-value = p(reject Ho|Hy is true) = p(ZEAE| H is true)

* FIH p-value AR ETE A B4 R fEEEL Ho

1. R A AR K K o -
2. [BAIRRSESEHR P-value /IR o » HIFEE Ho - 2551 » FHEE Ho

— & p-value > 0.10 > HUFB&EETERABE -
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— %5 0.05 < p-value < 0.10 » RIFB&EET45R@REE -

— % 0.01 < p-value < 0.05 » At E45REE (* ) -

— %5 0.001 < p-value < 0.01 > JllfffgEsE R RIERBIE (k% ) -
— %5 p-value < 0.001 - AR EGERAREHVEETE (kx % ) e

9 Hypothesis Tests of Two Populations

9.1 Testing the Difference Between Two Population Means: Matched Pairs
W ECHTRAG a8t e NIEFE

1. Hy * pg = 00(Ho * pg > 0o or Hy * pig < do)
Hy t g # 0o(Hy * pug > dgor Hy * pig < 0o) » HH prg = (p1 — pa)

2. «

pssim - D0 gpnp N D g [EDP DR
. WESHE = g R D =) b= 22 1 E

n—1:n RRCHE -

4. Tl &R

5. 453w
Rk

L. pRESBARE A E BT -
2. PRETEERGIRIE F RESIHC -

9.2 Testing the Difference Between Two Population Means: Independent Sam-
ples
9.2.1 o2 B o2 B4
TEL B -

1. Ho* iy — po = 00(Ho * p11 — pa > o or Ho * pi1 — iz < dp)
Hy @y — pg # 00(Hy * puy — pg > dg or Hy * puy — i < do)

2. Eafl
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3. HHEREYEHR 2 =

4. FEAMK - B Z-F
5. Tfam

Note:
FhimE 2 Hat e By & ny < 30 Bl ny < 30 B R (RE WA A 2 BE i B Wi S 1817 2 &

922 o2 8 o? FAUA T o2 = o7
HsE b

1. Ho * py — po = 0o(Ho * p1 — pia > 0 or Ho * iy — pro < dp)
Hy *opg — pg # 06o(Hy & iy — pp > dg or Hy & g — pip < o)

2. Eafl

3. SHEMESEE =

S 1)SE + (no = 1)S5 3o, (Xni — X1)* + 300, (Koi — X5)?
2 _ -

ny +mng — 2 ny +ng — 2

4. FANE - BEeR o HHE v =1 +np -2
5. TédEEm

Note:
oA E Z et ied By © & na < 30 3¢ ne < 30 B ak Wi A 2 e i B WA (B 12 2 &

9.2.3 o} Bl ol REMEEGEL of # of
e s -

1. Ho * pi1 — pro = 0o(Ho * p11 — p2 > 0o or Ho * pn — pa < do)
Hy vy — pio # do(Hy & i — pa > dp or Hy & g — i < o)

2. Eafl
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_\./4/— JN— A 7_7 _5

3. st s = %
Sty 53
ni no

(S3/n1 + 53 /ny)?
(53/m1)? 4 (s3/m2)?

ni—1 no—1

4, EAWR  Bt+-F > AHEEY =

5. N&ERm

Note:
e 2 Sat e By - & ny < 30 B ny < 30 IR (ERE WA A 2 BE i h B Wi (817 2 F

i

9.3 Testing the Difference Between Two Population Proportions

T e
1.H0:P1 PQ—O(HO P2>OOI'H[)-P1—P2§0)

HQ:P1 PQ#O(HO P2>OOI'H0-ﬂ1—P2<0)
2. Eafd

S [ AAS LB . p_p
e e S P Ci ki)

\/P0(1—P0) | P(-P)
n1 no

4. Al B Z-R

5. N&ERm

9.4 Testing the Ratio of Two Population Variances

E A AR E W EE L EEBERE of = 030 Aloj/os 2 F 538> HEHE
d.f.=(n,1ve) = (n1—1,ny — 1) » FREDEE

1. H0:0'1—0'2(H0:0'%20'§0rH0: §0-2)

Hy:0}#035(H 0% >0c30r H 0} <03)
2. EafE
3. S EREGETR | F = 52/
4. Tl - EF R BHE = (n,1n) =(m —1,ny — 1)
5. MR
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Note:
P e 2 Satas b - & na < 30 B ny < 30 H R i ae AR A E BE il B Wi (E 1812 2 %

10 Simple Regression Analysis and Correlation Analysis

10.1 Simple Regression Analysis

[CIERHY 73 SR B SRR B A [5) A 70 Ko i S AR B AR A B - R T AR A Z Al > TR ot
W fAg SER S ] 2 (T A B (% A R — (B8 S 2 B 7 iR Ul B « i g e A DA
NE{EAEE

L IR e (Rl )

=
i
(=

2. b s AR E R 2 A E
3. JEREER TR
« R X HY ZREHA
s fhsty (BE— X = Xo {H)
10.1.1  #ffi[&E Scatter Diagram

HAPT E R FH A ] 2R o SR B el £ = 7RF X SRR R — SR I AR A e A A
IR e BEAT - Wit 25 (X, Y) SEMERRAEAE X — Y MEAR b > DIBEE 2 21k IH:I
1/ BIIRE Rspisc it
10.1.2 WEHE 2R %

1. [FAHEE (positive relationship)
B X 0ghn > BRI Y $8h0 5 8 X kb - 1 Y b o R X OB Y A IEAHRS

2. EHEE (negative relationship)
fBen X #4600 > RTY IRl 5 20 X kb o ifn YOS - R A X BLY HEAHRER -

3. ##AHEE (no relationship)
TR E 2 BERER 7 B /K~ T B A R FHRE T -
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10.1.3 SRR ATy EDRIR 2 R SR
AR ST BRI CRE (CRATHIFE Y St B -
2. AE(EER > Z BIZR SChEE R S BEREE -

10.1.4 RS2 DI
1. fEACE R
2. {hEH2#
3. THNEA(EETEEH 2 (H
4. EHESEECE

10.1.5 e il BE 4R A B s =

A E R 2R t B S R E R B HRE (4 - B S B EE B S R AR AN A E
R - HE Z R EEERE T

Y= 0o+ 5 Xi+¢€

Heb Y, 25 0 [EEHTE
X; FEES o ([HEOIE 2 BEB 2

Bo FytelEE
B RyRER - RESEEWII— Bk > EEER Y ZEE
€; RIBRGERE -

10.1.5.1  JRESEUHME M lc ~ B 4EER R
FIFEy NF-T574 (Least Squares Method) -
o ffEEER/INFEITA
— FHEARIEAER AT 1 B R A — PRE B AL data HYELSR -
— FreBRmEEe AR B ATS T Y (8 (V) A Y BN RE -

EZNERC Yl
Y; = by + b: X;
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H Y, BEREEY X BT Y GEHEmFEY -
bo B2 by 43 RIEy Bo B By 2~ RARMEEHE o FIFR/ NET AT b 81 b, 2 A5 > HAR,
B (Y — Vi) B o

SSxy

by="—bp=Y — 0 X
1 SSX’O 1

H SSyy = (X, - T) I S I
ZX2 _ & X)?
 5%7% (Residual)e;
e =Y, =YD e;=0)

10.1.5.2  EFRMEERIIHT R EE R E
TEAER A - Ry T B B TRIME S AV RE T - MR 1 = (5 SRy iy
=H
1. g FE = SST =Y (Y, - Y)> =Y. Y2 — (3O Y;)?/n = SS, (Total variation)
2. TR R E = SSR =Y (V;—Y)? = bSS,, = (5S,,)?/SSx (Explained Variation)
3. K

R Z RS EE = SSE = > (Y; — Y;)2 = SST — SSR (Unexplained Variation)

10.1.5.3  HEr RGeS hEE

1. HETEHE (FREHE AR
EREER B e AR U BT A A -
2. H|EA4EL r?(Coefficient of Determination)
HIEGEE AR & HEE (X) FTeefESE (V) 285ZEH Y B8RS H 7Lk -

2 _ R R RNV R E SSR
g L = SST

* FHEE{REL r(Correlation Coefficient) & F 2T & R (ElEAE R X 81 Y E{EREA (Y
FFEEAETT o r AT V2 KIS 0 0 B0 FESRHIEALR by [H] -
a) —-1<r<i1

(b) 7 =0 MA—EFRY 8 X MIZHRM G > BFRRY B X g% -

(0 < 7% <1),r {HHRIT 1 AT

3. 4iEtkmE—t test iz F test
FEEME Y, = b0+ 51X+ > BTE Ho: L =0 Bi/EEREGRZET ¢ KIEE
I7 HERGE%U R 0 FISBRE R o IVERESEC (JRET e ~ N(0,0%)) ©
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« Hy: p =0 BYWtEREE
(a) ANOVA F test:
AIFFH ANOVA 1Y F fgEskigE X B1Y Z A SE 2 GIERI% -

ANOVA i ER2 Ty
Ses True State of Nature EE &5
R Ho /2 Ho /2850
#EE Ho Al—3RE T
AHERN Ho 1ERE B e

Figure 22: AT

5% e ~ NID(0,0?)

i Ho:fi=0 (X BY ZRIQAGIERfG - SCHTON Y i i
SERREA &)
Hy: B # 0 (XY ZERGRMERG > BIREEA R 0 BUEFUANY £ -
ERA )

i 5E o fH

ﬁtﬁﬁ@:F:%%g

iv. SEADHL B F-R 0 EEE = (10— 2) &t -

v. TaER

(b) ttest
4B T

10.1.6 {EEEES IS E X ZEIE

1. ARG y 5 > FTéeE 2 » (EVEIEEA L v GEN - y 2 EEHEA S0 -

2. RN RO B S B EHE R — e A AR (G - HARE G R =28
LA R AR AL -

10.2 Statistical Inference: Hypothesis Tests and Confidence Intervals
5% e ~ NID(0,0°) » Rl bo B by Jy By 81 By Z AAmf&ET=l > B E(bo) = Bo, E(b1) = b1
n 2 n
V%hw%zﬂﬁ»b]%—@1

n -
=1

. JMSE@%%im -
i=1 =1
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g
V(bl) - 0b1 Zn (.93 _ 5)2
i=1\Li
g MSE ~ |MSE
"\ S @ -7V Ss,

by ZHiR Il ¢ by ~ N(B1, ov,)
bo ZHIBE ST * bo ~ N (Bo, )
5= MSE ; 6% = S, = (MSE)>
Se = VMSE T{E Y ZfliztHE#ess -
1. FEZ X =20 BT » E(Y|10) = py|zo 2 (1 — )100% iz ER (confidence interval

for predictions)

N 1 (xog — T)? R 1 (z9—T)?
Tt 2a - n — e — Tt 2a - MSE
Yo £ tp_a, /2\/{71 + S (1, — 7)° Se = To £ tn—2,a/2 - + S5, VIMS

Hrf go = by + by ©

2 EREZ X = no H T N 0+ 1 FHEREE yor Z (1 — )100% FH M [H]

(prediction interval)

) 1 To— T)2
yn+1itn2,a/2\/|:1+ﬁ+ ( 0 _) :|Se

1 (zo—7)
:gn+1itn2,a/2\/|:1+ﬁ+( 4 ) :|\/MSE

Hr go = by + by °

10.3 Correlation Analysis

BERHR RN p = L

x

=23 2 C e — Z?:l(X B '@)<Y _ g) _ Sxy
I S YT
BAY r Z st e B

fB3% * e ~ NID(0,0?)

1. Hy:p=0
Hi:p#0

2. ¥t ff

ry/(n —2)
-

4. A A F > B = n - 2 SEHE p-E

3. fpEE t=

5. T4EEm
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11 Multiple Regression Analysis

11.1 The Multiple Regression Model

FE B P A AR AT - S5 e Y B BBl A (] o AR T £ B H AR RS
W (S (1 DA_E B BB (2, - - -, zp) BIEER (v) AU EE > MM —E y B (2, 20 Z
38 (R T A2 = -

o RN 2 A AE (R 5% (Standard Multiple Regression Assumptions)

. EEHY SR B8 X, =1, .k BIEE S -

2. xj e PEMEERE X; ZBUIE - HEEHE -

3.Y = B(Y) B X; 2 4Pk -

4. ¢, ~ NID(0,02) «

5. Cov(ej,¢;) = 0,0 # j » BUERIERRAETEAFHE -

6. Cov(Xj,e) =0,i=1,..n,j=1,..k» Bl X, B4 e B0LFHHR -

7. BB IS e 2 SR A

8. BEARH n MHKTA b+ 1> SRR E SE KRR G G5A k4 1R A
- A WIE E B B DR IY = B+ fim + Bama + 6
* FTE B SR A R

~

Y = b() + bll‘l + bQZL‘Q

Horft by B 0 b = Bo
by = X2 ﬁbiﬁ%ﬁflﬁ%{ > T ﬁﬁ%ﬁ ) Z%’{'Zf‘: v by = 31
by Byt o) B[EEH G > vy B¥y 2RV > by = fy

o FIAHE/INFEFTZERS by > by 2 by AE

_ SS:L/(Tmy - 7"361:027%2@/)

bl B stl(l - Tg‘lzz)

b, — S‘S’y(rﬂvzy B Tﬂf19€2r$1y)
? SS$2(1 - Tz'lmg)

bo =7 — biTy — ba
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11.2 Explanatory Power of a Multiple Regression Model

HEEEF RO ARTERE )T © R? B Adjusted R?
 ¥7E (4% (Coefficient of Determination): R?

+ Adjusted R?

ERRARR n N BEEECR S > e EE Y R? - MFEREE R EE S
MIAFFZ Y SAKBRE . B8 8 > R? §AR - NI A AR AR EAE R
REST » TEREIEN » SRatER5 a1 ) Adjusted R*(GRIEERYHIE B ZKEUL R -
Adjusted R? Z AFA0N

SSE/(n—k — 1)

Adj P=1-
djusted R SST/(n—1)

Hrpn Rl ARE - k Ry E SIS -
% Adjusted R? {EH#IT 1 Fomiln =Nl -

» R=VR?: RUHEEE o 81V (IHEANRARE > R BRI | R

11.2.1  EREEHE AR TR 7 (55T

€; Fy—PEISEET > Var(e) =Var(Y;) = 02 o
o? Z A fmfbEt=k
Sp=SSE(n—k—1)= MSE

Se TR Y ZfhETRAERR

11.3 Confidence Intervals and Hypothesis Tests for Individual Regression Co-

efficients

A WA B B B R (T -
Y = By + Bixy + o + €

BAE BRI AT -
Y = bo + b1x1 + bgl’g

by > by > by pamilll= Bo* B K Ba Zwﬁ{ﬁﬁﬁ ’

52

S = <
o(n—=-1)8S2 (1 -2 )

2

52 = %

> (n-1)882,(1—r2 )

T1T2
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11.3.1 AR AEERAE 6, 2 (1 — a)100% Z(SFE1E&[H (Confidence Interval for [3)

B HEER (A3 85 2 (1 — )100% Z (S5 [E Ry
bj & tn—k—1,a/2) * Sb,

3% * e ~ NID(0,0?)

11.3.2 BReiiR(Re 8, 2 BaitE

Hypothesis Testing for j3;:

1. Hglﬂjzﬁ;
Hy : B; # 55

2. BOE o fH

]
TS,

J

4. FHE - BEeF o HHE=n—-k -1

3. fRiEfE + t

5. T4EEm

(&%:e; ~ NID(0,02))

12 Analysis of Variance,ANOVA

12.1 One-Way ANOVA:Randomized of Design for Single Factor

- EEHAY

TE 2 (EREAE EIH (1 = 1o = pa = ... = ) FIR B A ERZGET A

« BTSSRI T8
1. SRR ARG (Ho) R ILEGR (Hy)
Ho:py=po=p3=..=pgvs. Hy: 2/ VHE—EAIE -
2. FEEHE /KA (level of significance,)
3. AT E 2 MEREAE (test statisic): ANOVA 2 F f@ @

 MSg
~ MSy

Hop MSe RPAFHRBETR - MSy RTINS -

F
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in
1 2 3 i K
3 W 18 w3 UK
YR o1? 022 o3 oi? ox?
A
1 2 ... i K
HAE n n n3 n
AR AT yi v y2. ... i, VK.
AT y1. 9. Ji. JK.

—1,n—

4 REEAR B FE GHEdS = (K

ny+ng + -+ ng FESAABEAREZ GERT -

Gham - HEBNE SRR oA HERIE SR - MR ISR AR

5T 5 ANOVA Z F i ESiat &

2. WIF tpE Z&5REE > A

—

12.1.1 BRTERFESITZEHE

L P9k

2. A
G5 — SRR + Gl
(a) Z‘- E“ = SST Z Z (ylj - ) = Z Z yl]
i Yij
2
(b) AR = SSG = .. mi(7, — 7. )% = i{L_ oM

(0) MHNEEEE = SSW =325 (U —

3. EATEEE TR (One-Way ANOVA table) :

K)» Hih K #4800 =

T&SERE (FEEBE) -

CM Hth CM = y*/n,(n =

Ti)? = X%, 9% — 2 = S5 - S5

88 E AR SEHRISS | EHE 57 MS F
2
] SSs K-1 | MSe=SSe/(K-1) | F=MSd/ MSw
(between Groups)
s e
(Withins Groups) SSw n-K MSw= SS&\/(H-K)
MBE s | nl
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12.1.2 % EELLERZE (Multiple-Comparsion Procedure)

WIS aa S8 - RIITTHIFH 26 B Phle Aol H W — 4H SR S 4H A HLAth 4H T A 5
F=E o R B LLEOE b/ N 7= B A (Minimum Significance Difference(MSD) Method)
gy, Tukey /£ °

* B/NEEEFUA (MSD Method)(2 Tukey J£) Z #2065

1. SPEFTA T RE M IR GER |7, -7, i #J -
2. =} MSD Method 2 E&FE MSD

MSW
n*
Ht Qo kn-r) HAERERS » MSE = S; HERYNNMRGZ - n BEHEER
B MEHHEARECRE > Bl n DLt (R (ZAEEAE FHFEEE) -

3. LA |y, — v, | BEESHE MSD {E > %5 |y, — ¥;| > MSD » RIZRE i 4HEES j
HA P EEE R E AR -

MSD = Qa,(K,n—K)
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